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Abstract

We consider a certain generalized Freud-type weight W 2
rQðxÞ ¼ jxj2r expð�2QðxÞÞ; where

r4� 1
2
and Q : R-R is even and continuous, Q0 is continuous, Q040 in ð0;NÞ; and Q00 is

continuous in ð0;NÞ: Furthermore, Q satisfies further conditions. Recently, Levin and

Lubinsky have studied the sequence of orthonormal polynomials fPnðW 2
Q; xÞg

N

n¼0 with the

Freud weight W 2
QðxÞ ¼ expð�2QðxÞÞ on R, and then they have obtained many interesting

properties of PnðW 2
Q; xÞ [LL1]. We investigate the properties of PnðW 2

rQ; xÞ; which contain

extensions of Levin and Lubinsky’s results and improvements of Bauldry’s results [Ba1,LL1].

r 2002 Elsevier Science (USA). All rights reserved.

0. Introduction

Let Q : R-R be even and continuous, Q0 be continuous, Q040 in ð0;NÞ; and let
Q00 be continuous in ð0;NÞ: Furthermore, Q satisfies the following condition:

1oApfðd=dxÞðxQ0ðxÞÞg=Q0ðxÞpB; xAð0;NÞ; ð0:1Þ

where A and B are constants. Then

WQðxÞ ¼ expð�QðxÞÞ ð0:2Þ
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is called a Freud weight, and the typical case is

WaðxÞ ¼ expð�jxjaÞ; a41:

Recently, Levin and Lubinsky have studied the sequence of orthonormal

polynomials fPnðW 2
Q; xÞgNn¼0 with the Freud weight (0.2) on R, and then they have

obtained many interesting properties of PnðW 2
Q; xÞ [LL1].

In this paper we treat certain generalized Freud-type weights

WrQðxÞ ¼ jxjr expð�QðxÞÞ ðxAR; 2r4� 1Þ; ð0:3Þ

and study the series of orthonormal polynomials fPnðW 2
rQ; xÞgNn¼0 with weight (0.3),

where fPnðW 2
rQ; xÞgNn¼0 are constructed byZ

N

�N

PiðW 2
rQ; tÞPjðW 2

rQ; tÞW 2
rQðtÞ dt ¼ dij ðKronecker’s deltaÞ;

i; j ¼ 0; 1; 2;y : ð0:4Þ

We investigate the properties of PnðW 2
rQ; xÞ; which contain extensions of Levin

and Lubinsky’s results and improvements of Bauldry’s results [Ba1,LL1].
We will use the same constant C even if it is different in the same line. If for two

sequences fcngNn¼1 and fdngNn¼1 there are two positive numbers C; D such that

Cpcn=dnpD; then we denote as cnBdn:

1. Preliminaries and theorems

First, we denote the fundamental definitions. For Q satisfying (0.1) and 2r4� 1;
we define the weight WrQðxÞ in (0.3), and construct the orthonormal polynomials

fPnðW 2
rQ; xÞg in (0.4), where

PnðxÞ ¼ PnðW 2
rQ; xÞ ¼ gnxn þ?þ; gn ¼ gnðW 2

rQÞ40; n ¼ 1; 2; 3;y :

We define bn ¼ gn�1=gn; and denote the zeros of PnðW 2
rQ; xÞ by

�Noxnnoxn�1;no?ox2nox1noN: Using the reproducing kernel

Knðx; tÞ ¼ bnfPnðxÞPn�1ðtÞ � PnðtÞPn�1ðxÞg=ðx � tÞ; ð1:1Þ

we define the Christoffel function lnðW 2
rQ; xÞ;

l�1n ðxÞ ¼ l�1n ðW 2
rQ; xÞ ¼ Knðx; xÞ ¼ bnfP0

nðxÞPn�1ðxÞ � PnðxÞP0
n�1ðxÞg; ð1:2Þ

where the Cotes number is given by lkn ¼ lnðxknÞ (see [Ne1, (3.3),(3.6)]), and satisfies
l�1kn ¼ bnP0

nðxknÞPn�1ðxknÞ: ð1:3Þ

The Mhaskar–Rahmanov–Saff number au is the unique positive root of the equation

u ¼ ð2=pÞ
Z 1

0

autQ0ðautÞð1� t2Þ�1=2dt; u40:
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We also consider the root x ¼ qu40 of u ¼ xQ0ðxÞ for u40: Then we have

anBqnBbnBx1n; n ¼ 1; 2; 3;y; ð½Ba1; Theorem 3:5; LL1�Þ: ð1:4Þ
The generalized Christoffel function lnpðxÞ is defined by

lnpðxÞ ¼ inf
PA
Q

n�1

Z
N

�N

jPðtÞjpW
p
rQðtÞ dt=jPðxÞjp; 0opoN; ð1:5Þ

where
Q

n denotes the class of polynomials with degree at most n: The function lnðxÞ
in (1.2) is a special case of (1.5) for p ¼ 2: We will give an estimate of lnpðxÞ:
The following theorem is an improvement of [Ba1, Theorem 3.1], where for r ¼ 0

it is given by Levin and Lubinsky [LL1, Theorem 1.8] (this is called the infinite–finite
range inequalities).

Theorem 1.1. We assume pr þ 140 if 0opoN; and rX0 if p ¼ N: Let K40: Then

for every PA
Q

n we have

jjPWrQjjLpðRÞpCjjPWrQjjLpðjxjpanð1�Kn�2=3ÞÞ:

We can improve a result of Bauldry’s (see Lemma 2.3) for ln2ðxÞ ¼ lnðW 2
rQ; xÞ:

Theorem 1.2. Let L40 and e40:

(i) For jxjoean=n we have lnðW 2
rQ; xÞBðan=nÞ2rþ1:

(ii) For ean=npjxj we have

lnðW 2
rQ; xÞXCðan=nÞW 2

rQðxÞ½maxfn�2=3; 1� ðjxj=anÞg��1=2:

(iii) For ean=npjxjpanð1þ Ln�2=3Þ; we see

lnðW 2
rQ; xÞBðan=nÞW 2

rQðxÞ½maxfn�2=3; 1� ðjxj=anÞg��1=2:

The maximum zero x1n of PnðW 2
rQ;xÞ is estimated as follows.

Theorem 1.3. There is a certain constant C such that

jðx1n=anÞ � 1jpCn�2=3:

For the zeros xin; i ¼ 1; 2;y; n; of PnðW 2
rQ; xÞ we have the following estimates.

Theorem 1.4. Uniformly for 2pjpn � 1; n ¼ 3; 4; 5;y

xj�1;n � xjþ1;nBðan=nÞ½maxfn�2=3; 1� ðjxjnj=anÞg��1=2:
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Remark 1.5. In fact, we can show that for 2pjpn; n ¼ 2; 3; 4;y

xj�1;n � xjnBðan=nÞ½maxfn�2=3; 1� ðjxjnj=anÞg��1=2:

The following expression of P0
nðxÞ is worth our application.

Theorem 1.6. We have an expression

P0
nðxÞ ¼ AnðxÞPn�1ðxÞ � BnðxÞPnðxÞ � 2rfPnðxÞ=xgn;

where

AnðxÞ ¼ 2bn

Z
N

�N

P2
nðtÞ %Qðx; tÞW 2

rQðtÞ dt;

BnðxÞ ¼ 2bn

Z
N

�N

PnðtÞPn�1ðtÞ %Qðx; tÞW 2
rQðtÞ dt;

fPnðxÞ=xgn ¼
PnðxÞ=x ðn: oddÞ;
0 ðn: evenÞ;

(

%Qðx; tÞ ¼ fQ0ðtÞ � Q0ðxÞg=ðt � xÞ:

We estimate AnðxÞ and BnðxÞ:

Theorem 1.7. We have

AnðxÞBn=an; jBnðxÞjpCn=an for jxjpDan ðD40Þ:

We define

ðxÞr ¼
0 ðrX0Þ;
x ðro0Þ:

(

The following is our main result:

Theorem 1.8. For jxjpanð1þ Ln�2=3Þ we have

jPnðxÞWQðxÞj jxj þ an

n

� �
r

� �r

pCa�1=2
n max n�2=3; 1� jxj

an

� 	
 ��1=4
:

The values of P0
nðxinÞ; i ¼ 1; 2;y; n; are estimated as follows.

Theorem 1.9. (i) If n is odd, then we have

jPn�1ð0ÞjBðn=anÞr
a�1=2

n ; ð1:6Þ

jP0
nð0ÞjBðn=anÞr

na�3=2
n : ð1:7Þ
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(ii) For xjna0; we have

jðd=dxÞfPnðxÞWrQðxÞgx¼xjn
j ¼ jP0

nðxjnÞWrQðxjnÞj

B na�3=2
n max n�2=3; 1� jxjnj

an

� 	
 �1=4
; ð1:8Þ

especially we see

jðd=dxÞfPnðxÞWrQðxÞgx¼x1n
j ¼ jP0

nðx1nÞWrQðx1nÞjBna�3=2
n n�1=6:

We obtain an improvement of Theorem 1.4.

Theorem 1.10. Uniformly for 2pjpn; n ¼ 2; 3; 4;y; we have

Can=npxj�1;n � xjn;

especially for jxjnj; jxj�1;njpZan; 0oZo1; we see

xj�1;n � xjnBan=n:

Theorem 1.8 is improved as follows. Let ½x� denote the maximum integer
nonexceeding x:

Theorem 1.11. Let jxinjpZan; 0oZo1:

(i) We have

max
jxjpx½n=2�;n

jPnðxÞjBðn=anÞr
a�1=2

n ; ð1:9Þ

and if 0oxkn or xk�1;no0; then we have

max
xknpxpxk�1;n

jPnðxÞWrQðxÞjBa�1=2
n : ð1:10Þ

(ii) We see

max
jxjpx½n=2�;n

jP0
nðxÞjBðn=anÞr

na�3=2
n ; ð1:11Þ

and if 0oxkn or xk�1;no0; then we have

max
xknpxpxk�1;n

jP0
nðxÞWrQðxÞjBna�3=2

n : ð1:12Þ

The following precision of Theorem 1.11 is applicable.
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Corollary 1.12. Let jxinjpZan; 0oZo1:

(i) Let n be odd. For 0odan=npxpx½n=2�;n � dan=n; d40; we see

jPnðxÞjBðn=anÞr
a�1=2

n ;

and there is a constant d040 such that for jxjpd0an=n

jP0
nðxÞjBðn=anÞr

na�3=2
n :

Let n be even. For �x½n=2�;n þ dan=npxpx½n=2�;n � dan=n; d40; we see

jPnðxÞjBðn=anÞr
a�1=2

n :

(ii) Otherwise for xkn þ dan=npxpxk�1;n � dan=n; d40; we see

jPnðxÞWrQðxÞjBa�1=2
n ;

and there is a constant d040 such that for xkn � d0an=npxpxkn þ d0an=n

jP0
nðxÞWrQðxÞjBna�3=2

n :

The followings are related to the maximum value for PnðxÞWrQðxÞ on R.

Theorem 1.13. Let Q satisfy (0.1). We have

sup
xAR

jPnðxÞWQðxÞj jxj þ an

n

� �
r

� �r

1� jxj
an

����
����
1=4

Ba�1=2
n :

Theorem 1.14. Let Q satisfy (0.1), and Qð0Þ ¼ 0: We have

sup
xAR

jPnðxÞWQðxÞj jxj þ an

n

� �
r

� �r

Ba�1=2
n n1=6:

Theorem 1.15. Let Q satisfy(0.1), Qð0Þ ¼ 0 and let rX0: We have

sup
xAR

jP0
nðxÞWrQðxÞjBna�3=2

n n1=6:

2. Lemmas and proofs of theorems

To show Theorem 1.1 we need the following lemmas. Let 0oppN:
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Lemma 2.1 (Bauldry [Ba1, Theorem 3.1]). Let pr þ 140: There are C;D40 and n0
such that for n4n0 and PA

Q
n

jjPWrQjjLpðRÞpCjjPWrQjjLp½�Dan;Dan�:

Lemma 2.2 (Levin and Lubinsky [LL1, Theorem 1.8]). Let K40: Then there exist n0
and C40 such that for nXn0 and PA

Q
n

jjPWQjjLpðRÞpCjjPWQjjLpðjxjpanð1�Kn�2=3ÞÞ:

Proof of Theorem 1.1. Let PA
Q

n; and let us take K 0ð4KÞ large enough. Then from
Lemma 2.1 there is a constant D40 such that

jjPWrQjjpLpðRÞpCjjPWrQjjpLp½�Dan;Dan�

pCfjjPWrQjjpLpðjxjpanð1�K 0n�2=3ÞÞ þ jjPWrQjjpLpðanð1�K 0n�2=3ÞpjxjpDanÞg:

The second term in the last line is able to be estimated as follows. From Lemma 2.2
we have

jjPWrQjjpLpðanð1�K 0n�2=3ÞpjxjpDanÞ

¼ jjPxrWQjjpLpðanð1�K 0n�2=3ÞpjxjpDanÞ

pCað�½rþ1�þrÞp
n jjPx½rþ1�WQjjpLpðanð1�K 0n�2=3ÞpjxjpDanÞ

pCað�½rþ1�þrÞp
n jjPx½rþ1�WQjjp

Lpðjxjpanð1�K 0ðnþ½rþ1�Þ�2=3ÞÞ

pCjjðx=anÞ½rþ1��r
PWrQjjpLpðjxjpanð1�Kn�2=3ÞÞ

pCjjPWrQjjpLpðjxjpanð1�Kn�2=3ÞÞ:

Therefore, the proof of Theorem 1.1 is complete. &

We estimate lnðW 2
rQ; xÞ ¼ ln2ðxÞ: To show it we need three lemmas.

Lemma 2.3 (Bauldry [Ba1, Corollary 3.4]). Let 0opoN; and pr4� 1; and let

D40 be the constant in Lemma 2.1. For every e; 0oeo1; we have

W
�p
rQ ðxÞlnpðxÞBðan=nÞ 1þ an

njxj

� 	pr

ðjxjpeDanÞ:

Remark 2.4. This is given by Bauldry [Ba1]. Though he assumed the continuity of
Q00 in ð�N;NÞ; we can omit the continuity of Q00 at x ¼ 0: In fact, we can show that
for fixed a and b there is a value aoxob such that Q0ðbÞ � Q0ðaÞ ¼ Q00ðxÞðb � aÞ (see
[Ba1, Lemma 5.2]).
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Lemma 2.5. We have

maxfðn þ rÞ�2=3; 1� ðjxj=anþrÞgBmaxfn�2=3; 1� ðjxj=anÞg ðxARÞ:

Proof. We assume rX0: When ro0; we can show the lemma similarly. From [LL1,
Lemma 5.2(c)], for some fixed l41 we have

jðau=avÞ � 1jBjðu=vÞ � 1j ð2:1Þ

uniformly for vAð0;NÞ and uA½v=l; lv�: Especially (2.1) implies

1� ðan=anþrÞB1� ðn=ðn þ rÞÞ ¼ r=ðn þ rÞ ¼ 0ð1=nÞ: ð2:2Þ

By (2.2), for jxjp2an

1� ðjxj=anþrÞ ¼ 1� ðjxj=anÞ þ ðjxj=anÞf1� ðan=anþrÞg

¼ 1� ðjxj=anÞ þ 0ð1=nÞ: ð2:3Þ

Obviously, we see 1� ðjxj=anÞo1� ðjxj=anþrÞ: Therefore, by (2.3) the lemma is
true. &

Lemma 2.6 (Levin and Lubinsky [LL1, Theorem 1.1]). (i) Given fixed L40; we set

Jn ¼ ft; jtjpanð1þ Ln�2=3Þg:

lnðW 2
Q; xÞBðan=nÞW 2

QðxÞ½maxfn�2=3; 1� ðjxj=anÞg��1=2

uniformly for xAJn and nX1:
(ii) For all xAR and nX1

lnðW 2
Q; xÞXCðan=nÞW 2

QðxÞ½maxfn�2=3; 1� ðjxj=anÞg��1=2:

Proof of Theorem 1.2. (i) In Lemma 2.3, we only put p ¼ 2:
(ii) Let ean=npjxjpZan; 0oZo1: If we put p ¼ 2 in Lemma 2.3, then we have

lnðW 2
rQ; xÞXCðan=nÞW 2

rQðxÞ:

We show the theorem for Zanpjxj:

lnðW 2
rQ; xÞ ¼ inf

PA
Q

n�1

Z
N

�N

ðPWrQÞ2ðtÞ dt=P2ðxÞ
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X inf
PA
Q

n�1

Z
jtjpan

ft½rþ1�jx=tj½rþ1��rðPWQÞðtÞg2 dt

fjxj½rþ1�PðxÞg2

" #
jxj2r

XC inf
PA
Q

nþ½rþ1��1

Z
jtjpanþ½rþ1��1

ðPWQÞ2ðtÞ dt=P2ðxÞ
" #

jxj2r

XCfanþ½rþ1�=ðn þ ½r þ 1�ÞgW 2
rQðxÞ

� ½maxfðn þ ½r þ 1�Þ�2=3; 1� ðjxj=anþ½rþ1�Þg��1=2

ðby Lemmas 2:2 and 2:6ðiiÞÞ

XCðan=nÞW 2
rQðxÞ½maxfn�2=3; 1� ðjxj=anÞg��1=2 ðby Lemma 2:5Þ:

(iii) Let ean=npjxjpZan; 0oZo1: Then we put p ¼ 2 in Lemma 2.3. We show the

theorem for Zanpjxjpanð1þ Ln�2=3Þ: Using Lemmas 2.1 and 2.6(i)

lnðW 2
rQ; xÞ ¼ inf

PA
Q

n�1

Z
N

�N

ðPWrQÞ2ðtÞ dt=P2ðxÞ

pC inf
PA
Q

n�1

Z
jtjpDan

fjtjrðPWQÞðtÞg2 dt=P2ðxÞ
( )

pCa2r
n inf

PA
Q

n�1

Z
N

�N

ðPWQÞ2ðtÞ dt=P2ðxÞ
� 	

pCa2r
n ðan=nÞW 2

QðxÞ½maxfn�2=3; 1� ðjxj=anÞg��1=2

pCðan=nÞW 2
rQðxÞ½maxfn�2=3; 1� ðjxj=anÞg��1=2 ðby anBjxjÞ:

The inverse inequality follows from (ii). From these results, the proof is
complete. &

Lemma 2.7. We assume that pr þ 140 if 0opoN; and rX0 if p ¼ N: There exist

constants e;C40 such that for every PA
Q

n and n ¼ 0; 1; 2;y; we have

jjPWrQjjLpðjxjpean=nÞpCjjPWrQjjLpðean=npjxjpanÞ;

where 0oppN: Especially, for r ¼ 0; we have

jjPjjLpðjxjpean=nÞpCjjPjjLpðean=npjxjpanÞ:

Proof. We use the estimates on the Lp Christoffel functions. By the definition we

have for all x and all P of degree pn;

jPWrQjpðxÞpl�1np ðxÞW P
rQðxÞ

Z
N

�N

jPWrQjpðxÞ dx:
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Using our estimates for Christoffel functions from Lemma 2.3, and the inequality
Theorem 1.1, we obtain, for e40; and some C independent of n;P; e;Z ean=n

�ean=n

jPWrQjpðxÞ dxpC

Z ean=n

�ean=n

n

an

1þ an

njxj

� ��pr

dx

" # Z an

�an

jPWrQjpðxÞ dx

¼ 2C

Z e

0

1þ 1

t

� ��pr

dt


 � Z an

�an

jPWrQjpðxÞ dx

pCeprþ1
Z an

�an

jPWrQjpðxÞ dx;

where C is independent of n;P; e: Then we deduce thatZ ean=n

�ean=n

jPWrQjpðxÞ dx

 !
ð1� Ceprþ1ÞpCeprþ1

Z
e

an

n
pjxjpan

jPWrQjpðxÞ dx;

that is, Z ean=n

�ean=n

jPWrQjpðxÞ dx

 !1=p

ð1� Ceprþ1Þ1=p

pCerþ1=p

Z
e
an

n
pjxjpan

jPWrQjpðxÞ dx

 !1=p

:

So, for 0opoN the lemma follows if we choose e small enough. Furthermore, when
rX0 and e is small enough, let p-N; then we have the lemma for p ¼ N: &

Proof of Theorem 1.3. We follow the method of [LL1, Proof of Corollary 1.2(a)].
For more general weight WðxÞ we have (see e.g. [Fr2])

x1n ¼ sup
pA
Q

2n�2;PX0

R
N

�N
xPðxÞW 2ðxÞ dxR

N

�N
PðxÞW 2ðxÞ dx

:

Especially, we apply it for the weight WrQðxÞ;

an � x1n ¼ inf
pA
Q

2n�2;PX0

R
N

�N
ðan � xÞPðxÞW 2

rQðxÞ dxR
N

�N
PðxÞW 2

rQðxÞ dx
:

We see that nth Mhaskar–Rahmanov–Saff number %an for W 2
Q satisfies %an ¼ an=2:

Therefore, when we use Theorem 1.1 with respect to WrQ in L1-space, for an we may

take an integrant polynomial of degree 2n: From this

jan � x1njB inf
PA
Q

2n�2;PX0

R
jxjpanð1�Ln�2=3Þðan � xÞPðxÞW 2

rQðxÞ dxR
jxjpan

PðxÞW 2
rQðxÞ dx

:

We set m ¼ ½n1=3� (Gaussian symbol), and PðxÞ ¼ l�1n�mðxÞR2ðxÞ; RA
Q

m : We see

that jxjpan means jxjpan�mð1þ Lðn � mÞ�2=3Þ for n large enough, because

an=an�m � 1Bn=ðn � mÞ � 1 ¼ Oðn�2=3Þ; by (2.1). From Theorem 1.2(iii) we obtain
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that for ean=npjxjpan

l�1n�mðW 2
rQ : xÞW 2

rQðxÞBfðn � mÞ=an�mg½maxfðn � mÞ�2=3; 1� ðjxj=an�mÞg�1=2:

From (2.1) we see an=an�m ¼ 1þ 0ðn�2=3Þ; hence
1� ðjxj=anÞ ¼ 1� ðjxj=an�mÞ þ ðjxj=an�mÞf1� ðan�m=anÞg

¼ 1� ðjxj=an�mÞ þ 0ðn�2=3Þ:

Therefore,

l�1n�mðW 2
rQ : xÞW 2

rQðxÞBðn=anÞ½maxfn�2=3; 1� ðjxj=anÞg�1=2:

For jxjpean=n we have

l�1n�mðxÞW 2
rQðxÞpCðn=anÞ2rþ1jxj2rpe2rCðn=anÞf1� ðjxj=anÞg1=2

(by Theorem 1.2(i)). From these results we seeZ
jxjpanð1�Ln�2=3Þ

ðan � xÞl�1n�mðxÞR2ðxÞW 2
rQðxÞ dx

p
Z
jxjpanð1�Ln�2=3Þ

ðan � xÞðn=anÞf1� ðjxj=anÞg1=2R2ðxÞ dx:

On the other hand, for ean=npjxjpan we see

l�1n�mðxÞW 2
rQðxÞXCðn=anÞf1� ðjxj=anÞg1=2:

Therefore,Z
jxjpan

l�1n�mðxÞR2ðxÞW 2
rQðxÞ dx

XC

Z
ean=npjxjpan

ðn=anÞf1� ðjxj=anÞg1=2R2ðxÞ dx:

Let jxjpean=n; where e40 is small enough and independent of n: By Lemma 2.7 we
have for some constant C1Z

jxjpean=n

ðn=anÞf1� ðjxj=anÞg1=2R2ðxÞ dx

pC1

Z
ean=npjxjpan

ðn=anÞf1� ðjxj=anÞg1=2R2ðxÞ dx:

Hence,Z
jxjpan

l�1n�mðxÞR2ðxÞW 2
rQðxÞ dx

X
C

C1 þ 1

Z
jxjpan

ðn=anÞf1� ðjxj=anÞg1=2R2ðxÞ dx:
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Consequently,

jan � x1njpC inf
RA
Q

m

R
jxjpanð1�Ln�2=3Þ ðan � xÞf1� ðjxj

an
Þg1=2R2ðxÞ dxR

jxjpan
f1� ðjxj

an
Þg1=2R2ðxÞ dx

pCan inf
SA
Q

m

R 1
�1 fð1� sÞS2ðsÞð1� jsjÞ1=2g dsR 1

�1 fS2ðsÞð1� jsjÞ1=2g ds

pCan inf
SA
Q

m

R 1
�1 fð1� sÞS2ðsÞð1� s2Þ1=2g dsR 1

�1 fS2ðsÞð1� s2Þ1=2g ds

¼Canð1� xn

1;mþ1Þ:

Here xn
1;mþ1 is the largest zero of the ðm þ 1Þth orthonormal polynomial for the

ultraspherical weight ð1� s2Þ1=2 on ½�1; 1�: Since 1� xn
1;mþ1pCm�2 by Szegö [Sz,

Theorem 6.21.2], we see

jan � x1njpCanm�2pCann�2=3;

consequently we have jðx1n=anÞ � 1jpCn�2=3: &

To prove Theorem 1.4 we need the following lemmas.

Lemma 2.8. Let us consider the zero x½ðn�1Þ=2�;n: Then there is a constant C40 such

that Can=npx½ðn�1Þ=2�;n: We note that x½ðn�1Þ=2�;n is the smallest positive zero if n is odd.

Proof. By the Markov–Stieltjes inequality [Fr1, p. 33 (5.10)].Z xiþ1;n

�N

W 2
rQðtÞ dtp

Xn

k¼iþ1
lknp

Z xin

�N

W 2
rQðtÞ dt

p
Xn

k¼i

lknp
Z xi�1;n

�N

W 2
rQðtÞ dt:

Therefore,

linp
Z

xiþ1;nptpxi�1;n

W 2
rQðtÞ dt; i ¼ 2; 3;y; n � 1:

Let n be odd, and let us consider x½ðnþ1Þ=2�;n ¼ 0: Then using Theorem 1.2(i)

Cðan=nÞ2rþ1pl½ðnþ1Þ=2�;np2Cðx½ðn�1Þ=2�;nÞ2rþ1: ð2:4Þ

From this we see Cðan=nÞp2x½ðn�1Þ=2�;n: Consequently, if n is odd, we have the

lemma.
If n is even, then 0ox½ðn�1Þ=2�;n�1ox½ðn�1Þ=2�;n: Hence, the lemma is complete. &

Lemma 2.9. Let xjþ1;nXx½ðn�1Þ=2�;n; then 1oxjn=xjþ1;npC for a constant C:
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Proof. By Lemma 2.8 we see Can=npxjþ1;n: Let K40 be large enough. If

xjnpKan=n; then we see 1oxjn=xjþ1;npK=C: Let 0oZo1: If

Zanpxjþ1;noxjnpanð1þ Ln�2=3Þ; then we see 1oxjn=xjþ1;np2=ZpC for n large

enough. Therefore, for K40 large enough, and 0oZo1; we may suppose

Kan=npxjþ1;noxjnpZan: ð2:5Þ

Then for xA½Kan=n; Zan� we see that, by Theorem 1.2(iii),

lnðW 2
rQ : xÞW�2

rQ ðxÞBan=n: ð2:6Þ

Here by Lubinsky [Lu1,Lu2] we have an even positive entire function G with
nonnegative Maclaurin series coefficients such that

GðxÞBW�2
Q ðxÞ; xAR: ð2:7Þ

Then by the Posse–Markov–Stieltjes inequality [KL, Lemma 3.2], for xjþ1;n40

ljnGðxjnÞ þ ljþ1;nGðxjþ1;nÞ

¼ ð1=2Þ
X

k:jxknjoxj�1;n

lknGðxknÞ �
X

k:jxknjoxjþ1;n

lknGðxknÞ

8<
:

9=
;

Xð1=2Þ
Z
jtjpxjn

�
Z
jtjpxjþ1;n

( )
GðtÞW 2

rQðtÞ dt

¼ ð1=2Þ
Z

xjþ1;nptpxjn

GðtÞW 2
rQðtÞ dtXCðx2rþ1

jn � x2rþ1
jþ1;nÞ ðby ð2:7ÞÞ: ð2:8Þ

Formula (2.8) implies

x2r
jnljnW�2

rQ ðxjnÞ þ x2r
jþ1;nljþ1;nW�2

rQ ðxjþ1;nÞXCðx2rþ1
jn � x2rþ1

jþ1;nÞ ðby ð2:7ÞÞ:

From (2.6)

ðan=nÞfð1=xjnÞðxjn=xjþ1;nÞ2rþ1 þ ð1=xjþ1;nÞgXCfðxjn=xjþ1;nÞ2rþ1 � 1g:

So

C þ ðan=nÞð1=xjþ1;nÞXfC � ðan=nÞð1=xjnÞgðxjn=xjþ1;nÞ2rþ1:

By (2.5) we see Kan=npxjþ1;noxjn; hence we have

C þ ð1=KÞXfC � ð1=KÞgðxjn=xjþ1;nÞ2rþ1:

Consequently, we have 1oxjn=xjþ1;npC: &

Proof of Theorem 1.4. We take an even positive entire function G as (2.7), that is,

GðxÞBW�2
Q ðxÞ; xAR: By the new Posse–Markov–Stieltjes inequality used in (2.8),
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we see that for 2pjpn � 1

ljnGðxjnÞ ¼ ð1=2Þ
X

k : jxknjojxj�1;nj
lknGðxknÞ �

X
k : jxknjojxjnj

lknGðxknÞ

2
4

3
5

p ð1=2Þ
Z
jtjpjxj�1;nj

�
Z
jtjpjxjþ1;nj

( )
GðtÞW 2

rQðtÞ dt

¼ð1=2Þ
Z
jxjþ1;njptpjxj�1;nj

GðtÞW 2
rQðtÞ dt:

If xjn ¼ 0; then by Theorem 1.2(i)

ðan=nÞ2rþ1BljnGðxjnÞpCðx2rþ1
j�1;n � x2rþ1

jþ1;nÞ ¼ 2Cðx½ðn�1Þ=2�;nÞ2rþ1:

From this we have

Can=np2x½ðn�1Þ=2�;n ¼ xj�1;n � xjþ1;n:

Since xjn ¼ 0; we see

Cðan=nÞmaxfn�2=3; 1� ðjxjnj=anÞg�1=2pxj�1;n � xjþ1;n:

Let xjþ1;n ¼ 0: By Lemma 2.9 we see xjnBxj�1;n; so we have

ljnW�2
rQ ðxjnÞBljnGðxjnÞ=x2r

jnpCð1=x2r
jn Þðx2rþ1

j�1;n � x2rþ1
jþ1;nÞ

pCð1=x2r
jn Þx2r

j�1;nðxj�1;n � xjþ1;nÞ

pCðxj�1;n � xjþ1;nÞ:

From Theorem 1.2(ii)

Cðan=nÞ½maxfn�2=3; 1� ðjxjnj=anÞg��1=2pðxj�1;n � xjþ1;nÞ:

For xj�1;n ¼ 0 we have the same result.

Let xjþ1;n; xjn; xj�1;n40: By Theorem 1.2(ii) and Lemma 2.9

Cðan=nÞ½maxfn�2=3; 1� ðjxjnj=anÞg��1=2

pljnW�2
rQ ðxjnÞBljnGðxjnÞ=x2r

jn

pCð1=x2r
jn Þðx2rþ1

j�1;n � x2rþ1
jþ1;nÞ

pCð1=x2r
jn Þx2r

j�1;nðxj�1;n � xjþ1;nÞpCðxj�1;n � xjþ1;nÞ:

We show the inverse inequality. From (2.8)

ljnGðxjnÞ þ ljþ1;nGðxjþ1;nÞX
Z

xjþ1;nptpxjn

GðtÞW 2
rQðtÞ dt:

Let xjþ1;n ¼ 0: From Theorem 1.2(i) and (iii)

x2r
jn ðan=nÞ½maxfn�2=3; 1� ðjxjnj=anÞg��1=2 þ ðan=nÞ2rþ1

XCx2rþ1
jn :
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Therefore,

ðan=nÞ½maxfn�2=3; 1� ðjxjnj=anÞg��1=2 þ ð1=x2r
jn Þðan=nÞ2rþ1

XCxjn:

Since by Lemma 2.8 we see Can=npxjn; we have

ðan=nÞ½maxfn�2=3; 1� ðjxjnj=anÞg��1=2XCxjnXCxj�1;nXCðxj�1;n � xjþ1;nÞ:

Similarly, for xjn ¼ 0 we can show the same inequality. Let xjn; xjþ1;n40: Then

x2r
jnljnW�2

rQ ðxjnÞ þ x2r
jþ1;nljþ1;nW�2

rQ ðxjþ1;nÞXCðx2rþ1
jn � x2rþ1

jþ1;nÞ

XCx2r
jn ðxjn � xjþ1;nÞ:

By Theorem 1.2(iii)

Cðan=nÞf½maxfn�2=3; 1� ðjxjnj=anÞg��1=2

þ ½maxfn�2=3; 1� ðxjþ1;n=anÞg��1=2gXðxjn � xjþ1;nÞ:

From this we have

Cðan=nÞ½maxfn�2=3; 1� ðxjn=anÞg��1=2Xxjn � xjþ1;n: ð2:9Þ

This inequality also means

Cðan=nÞ½maxfn�2=3; 1� ðxj�1;n=anÞg��1=2Xxj�1;n � xjn: ð2:10Þ

Here we see

½maxfn�2=3; 1� ðxjn=anÞg��1=2B½maxfn�2=3; 1� ðxj�1;n=anÞg��1=2: ð2:11Þ

In fact, if 1� ðxj�1;n=anÞpn�2=3; then

1� n�2=3p xj�1;n=an ¼ xjn=an þ ðxj�1;n � xjnÞ=an

p xjn=an þ Cn�2=3 ðby ð2:10ÞÞ;

that is, 1� ðxjn=anÞoCn�2=3: If 1� ðxj�1;n=anÞ4n�2=3; then by (2.10)

1o
1� ðxjn=anÞ
1� ðxj�1;n=anÞ

¼ 1þ ðxj�1;n � xjnÞ=an

1� ðxj�1;n=anÞ
p1þ C:

Therefore we have (2.11). Consequently, from (2.9) and (2.10) we obtain

Cðan=nÞ½maxfn�2=3; 1� ðxjn=anÞg��1=2Xxj�1;n � xjþ1;n:

The proof of the theorem is complete. &
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Proof of Theorem 1.6. Using the reproducing kernel (1.1)

P0
nðxÞ ¼

Z
N

�N

P0
nðtÞKnðx; tÞW 2

rQðtÞ dt

¼ �
Z

N

�N

PnðtÞKnðx; tÞf2rt�1 � 2Q0ðtÞgW 2
rQðtÞ dt

¼ 2

Z
N

�N

PnðtÞKnðx; tÞQ0ðtÞW 2
rQðtÞ dt

� 2r

Z
N

�N

PnðtÞKnðx; tÞð1=tÞW 2
rQðtÞ dt

¼
Z
1

�2r

Z
2

:

Here

Z
1

¼ � 2bn

Z
N

�N

PnðtÞfPnðxÞPn�1ðtÞ � PnðtÞPn�1ðxÞg %Qðx; tÞW 2
rQðtÞ dt

¼ 2bn

Z
N

�N

P2
nðtÞ %Qðx; tÞW 2

rQðtÞ dt

� 	
Pn�1ðxÞ

� 2bn

Z
N

�N

PnðtÞPn�1ðtÞ %Qðx; tÞW 2
rQðtÞ dt

� 	
PnðxÞ

¼AnðxÞPn�1ðxÞ � BnðxÞPnðxÞ;
Z
2

¼
Z

N

�N

fPnðtÞ=tgKnðx; tÞW 2
rQðtÞ dt:

If n is odd, then PnðtÞ=tA
Q

n�1 : So we have

2r

Z
2

¼ 2rPnðxÞ=x:

Let n be even. Then
R
2 must be interpreted as a Cauchy principal value integral.

Moreover, as the integral of an odd function over a symmetric interval is 0:R
N

�N
ðodd functionÞ dx ¼ 0: Therefore, we see

Z
2

¼
Z

N

�N

PnðtÞ
X

k : odd;kon

PkðxÞfPkðtÞ=tgW 2
rQðtÞ dt ¼ 0

ðby the orthogonalityÞ: &

To prove Theorem 1.7 we need some lemmas. In the course of proving Theorem
1.7, we will show Theorem 1.8.
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Lemma 2.10 (Levin and Lubinsky [LL1, Lemma 12.1]). Let rAð0;minf1;A � 1gÞ
and aAð1; f1� rg�1Þ: Then for jxjpDan ðDX1Þ and nX1; we have

Z
jtjpan

%Qðx; tÞa dtpCanðn=a2nÞ
a:

Lemma 2.11 (cf. Levin and Lubinsky [LL1, Lemma 12.2]). Let us define for nX1

wn ¼ max 1; max
jtjpan=2

anP2
nðtÞW 2

QðtÞðjtj þ ðan=nÞrÞ
2r

� 	
;

and let r and a be defined in Lemma 2.10. For jxjpDan ðDX1Þ we have

AnðxÞ=bnpCðn=a2nÞw1=an :

Proof. First, let rX0: We repeat the method of [LL1]. Let KX2DX4: For jxjpDan

and jtjXKan we see %Qðx; tÞBQ0ðtÞ=tpQ0ð1ÞjtjB
n�2; where Bn

X2 is even integer [LL1,
Lemma 5.1 (5.2)]. From this and [Ba1, p. 222]Z

jtjXKan

fPnðtÞWrQðtÞg2 %Qðx; tÞ dtpC

Z
jtjXKan

fPnðtÞjtj
Bn�2
2 WrQðtÞg2 dt

p expð�CnÞ
Z
jtjpKan

fPnðtÞjtj
Bn�2
2 WrQðtÞg2 dt

p expð�CnÞðKanÞðB
n�2Þ

Z
N

�N

P2
nðtÞW 2

rQðtÞ dt

¼ oða�2n Þ:
From this we see

AnðxÞ=bn ¼
Z
jtjpKan

fPnðtÞWrQðtÞg2 %Qðx; tÞ dt þ oða�2n Þ:

Let y ¼ 2=a; p ¼ 2=ð2� yÞ; q ¼ 2=y ¼ a; and p�1 þ q�1 ¼ 1: Then from a41 we
see yo2: By the definition of wn we obtainZ

jtjpan=2

fPnðtÞWrQðtÞg2 %Qðx; tÞ dt

pðwn=anÞy=2
Z
jtjpan=2

jPnðtÞWrQðtÞg2�y %Qðx; tÞ dt

pðwn=anÞy=2
Z
jtjpan=2

jPnðtÞWrQðtÞjð2�yÞp
dt

( )1=p Z
jtjpan=2

%Qðx; tÞq
dt

( )1=q

pðwn=anÞ1=a
Z
jtjpan=2

%Qðx; tÞa dt

( )1=a

pCw1=an ðn=a2nÞ ðby Lemma 2:10Þ:
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For jxjpDan and an=2pjtjpKan we see %Qðx; tÞpCQ00ðKanÞpCn=a2n (see (0.1),

(1.4)). Therefore,

Z
an=2pjtjpKan

fPnðtÞWrQðtÞg2 %Qðx; tÞ dtpCðn=a2nÞw1=an

ðby the definition of wnÞ:

Next, we assume ro0: Let y; p and q be defined as above. Then, we see

Z
jtjpan=2

fPnðtÞWrQðtÞg2 %Qðx; tÞ dt

pðwn=anÞy=2
Z
jtjpan=2

jPnðtÞWrQðtÞj2�y %Qðx; tÞ jtj
jtj þ an=n

� �yr

dt

pðwn=anÞy=2
Z
jtjpan=2

jPnðtÞWrQðtÞjð2�yÞp
dt

( )1=p

�
Z
jtjpan=2

%Qðx; tÞq jtj
jtj þ an=n

� �yrq

dt

( )1=q

pðwn=anÞ1=a
Z
jtjpan=2

%Qðx; tÞa jtj
jtj þ an=n

� �2r

dt

( )1=a

:

Here, we will estimate

Z
jtjpan=n

%Qðx; tÞa jtj
jtj þ an=n

� �2r

dtpC
n

an

� �2rZ
jtjpan=n

%Qðx; tÞajtj2r
dt:

Let jtjpan=n and jxjp2an=n; then we see %Qðx; tÞ ¼ Q00ðsÞpC for some sðjsjo2an=nÞ;
where C is a constant independent of n: If 2an=npjxj; then we have, for a certain
jsjXan=n and r in Lemma 2.10

%Qðx; tÞ ¼Q00ðsÞpCQ0ðsÞ=s ¼ C
Q0ðjsjÞ
jsjr � jsjr�1

p
Q0ðanÞ

an

n

an

� �1�r

pC
n2�r

a
3�r
n

by the monotonicity of Q0ðjsjÞ=jsjr (see [LL1, proof of Lemma 12.1]). On the other
hand, we see

n

an

� �2rZ
jtjpan=n

jtj2r
dtpCan=n:
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Therefore,

Z
jtjpan=n

%Qðx; tÞa jtj
jtj þ an=n

� �2r

dt

pC
an

n

� � n2�r

a
3�r
n

� �a

pC
n

a2n

� �a
n

an

� �ð1�rÞa�1
pC

n

a2n

� �a

by ð1� rÞa� 1o0: So, we have

Z
jtjpan=2

fPnðtÞWrQðtÞg2 %Qðx; tÞ dtpCðn=a2nÞw1=an :

For the other part
R
jtjXan=2

we can repeat the same line as the case of rX0:

Consequently, we have the lemma. &

Proof of Theorem 1.8. By the Christoffel–Darboux formula (1.1) we see

PnðxÞ ¼ fKnðx; xknÞðx � xknÞg=fbnPn�1ðxknÞg:

Furthermore, by (1.2) and Theorem 1.6 we have

l�1n ðW 2
rQ; xknÞ ¼ bnP0

nðxknÞPn�1ðxknÞ; P0
nðxknÞ ¼ AnðxknÞPn�1ðxknÞ: ð2:12Þ

Therefore, we have

l�1n ðW 2
rQ; xknÞ ¼ bnAnðxknÞP2

n�1ðxknÞ: ð2:13Þ

Applying the Cauchy–Schwarz inequality, we have

jPnðxÞjp l�1=2n ðxÞl�1=2n ðxknÞjx � xknj=jbnPn�1ðxknÞj

¼ l�1=2n ðxÞfAnðxknÞ=bng1=2jx � xknj:

Therefore, by Theorem 1.2 for jxjXan=n

jPnðxÞWQðxÞðjxj þ ðan=nÞrÞ
rj

pCðn=anÞ1=2½maxfn�2=3; 1� ðjxj=anÞg�1=4AnðxknÞ=bng1=2jx � xknj: ð2:14Þ

If jxjpean=n; then by Theorem 1.2(i) we see that (2.14) is also true. Let jxjpanð1þ
Ln�2=3Þ; L40: Then, using Theorem 1.4 we can choose xkn such that

jx � xknjpCðan=nÞ½maxfn�2=3; 1� ðjxj=anÞg��1=2:

Hence, by Lemma 2.11 we have

jPnðxÞWQðxÞðjxj þ ðan=nÞrÞ
rj

pCðan=nÞ1=2½maxfn�2=3; 1� ðjxj=anÞg��1=4fAnðxknÞ=bng1=2

pCa�1=2
n ½maxfn�2=3; 1� ðjxj=anÞg��1=4w1=ð2aÞn :
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Especially, since anP2
nðxÞW 2

QðxÞðjxj þ ðan=nÞrÞ
2rpCw1=an for jxjpan=2; we see

wnpCw1=an : From 1oa we have

XnpC; nX1: ð2:15Þ

Consequently, for jxjpanð1þ Ln�2=3Þ we have

jPnðxÞWQðxÞðjxj þ ðan=nÞrÞ
rjpCa�1=2n ½maxfn�2=3; 1� ðjxj=anÞg��1=4: &

Proof of Theorem 1.7. From Theorem 1.1 and Lemma 2.7 we have

1 ¼
Z

N

�N

P2
nðtÞW 2

rQðtÞ dtpC

Z
jxjpan

P2
nðtÞW 2

rQðtÞ dt

pC

Z
jxjpean=n

P2
nðtÞW 2

rQðtÞ dt þ
Z
ean=npjxjpan

P2
nðtÞW 2

rQðtÞ dt

 !

pC

Z
ean=npjxjpan

P2
nðtÞW 2

rQðtÞ dt:

Here, by Theorem 1.8Z
ean=npjxjpean

P2
nðtÞW 2

rQðtÞ dtpC

Z
jxjpean

a�1
n dtpCe:

Therefore, for e40 small enough and n large enough there is d40 such thatZ
eanpjtjpDan

P2
nðtÞW 2

rQðtÞ dtXd ðDX1Þ:

Furthermore, for jxjpDan and eanpjtjpDan we see

%Qðx; tÞpQ00ðDanÞBn=a2n ðsee ð0:1Þ and ð1:4ÞÞ:

On the other hand, %Qðx; tÞXCQ0ðtÞ=tXCn=a2n; so %Qðx; tÞBn=a2n: From this

AnðxÞ=bnX

Z
eanpjtjpDan

P2
nðtÞW 2

rQðtÞ %Qðx; tÞ dtXCn=a2n:

Consequently, by Lemma 2.11 and (2.15) we have AnðxÞBn=an:
The second inequality of Theorem 1.7 follows the first inequality. In fact, using the

Cauchy–Schwartz inequality, for jxjpDan

jBnðxÞjp 2bn

Z
N

�N

P2
nðtÞ %Qðx; tÞW 2

rQðtÞ dt

� 	1=2 Z
N

�N

P2
n�1ðtÞ %Qðx; tÞW 2

rQðtÞ dt

� 	1=2

pCn=an: &
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Proof of Theorem 1.9.

(i) From (2.13), Theorems 1.7 and 1.2(i) we see ðn=anÞ2rþ1BnP2
n�1ð0Þ for xkn ¼ 0;

that is,

jPn�1ð0ÞjBðn=anÞr
a�1=2

n :

Consequently, we have (1.6).
We show (1.7). Using (2.12) and (1.6), we see

ðn=anÞ2rþ1BjanP0
nð0Þðn=anÞr

a�1=2
n j:

Hence,

jP0
nð0ÞjBðn=anÞr

na�3=2
n :

(ii) Let xjna0: By (2.12) and (2.13)

jðd=dxÞfPnðxÞWrQðxÞgx¼xjn
j

¼ jAnðxjnÞPn�1ðxjnÞWrQðxjnÞj

¼ j½l�1n ðW 2
rQ; xknÞ=fbnAnðxjnÞg�1=2AnðxjnÞWrQðxjnÞj

¼ jfl�1n ðW 2
rQ; xjnÞW 2

rQðxjnÞg1=2fAnðxjnÞ=bng1=2j

Bðn=anÞ1=2½maxfn�2=3; 1� ðjxjn=anjÞg�1=4ðn1=2=anÞ

ðby Theorems 1:2ðiiiÞ; 1:7Þ

¼ na�3=2
n ½maxfn�2=3; 1� ðjxjnj=anÞg�1=4:

Consequently, we have (1.8). Especially,

jðd=dxÞfPnðxÞWrQðxÞgx¼x1n
jBna�3=2

n n�1=6 ðby Theorem 1:3Þ: &

Using Theorem 1.9, we can improve Lemmas 2.8 and 2.9.

Lemma 2.12. There is a constant C such that Can=npx½n=2�;n for every n: Here Lemma

2.9 is correct for all xkna0:

Proof. From (2.13) and Theorem 1.7 we see

l�1n ðW 2
rQ; x½n=2�;nÞBnP2

n�1ðx½n=2�;nÞ;

and by Theorem 1.2 we have

lnðW 2
rQ; x½n=2�;nÞBðan=nÞ2rþ1:

Therefore, Pn�1ðx½n=2�;nÞBðn=anÞr
a
�1=2
n : If we set

x½n=2�;n ¼ enðan=nÞ; en-0;
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then we see

Pn�1ðx½n=2�;nÞ=x½n=2�;nBfðn=anÞrþ1
a�1=2

n g=en:

Hence, there is xn; 0oxnox½n=2�;n; such that

P0
n�1ðxnÞBfðn=anÞrþ1

a�1=2
n g=en:

However, this contradicts P0
n�1ð0ÞBðn=anÞrþ1

a
�1=2
n in Theorem 1.9 (we note the

concavity of y ¼ jPn�1ðxÞjÞ: For Lemma 2.9 it is trivial. &

Proof of Theorem 1.10. By (2.14) and Theorem 1.7 we have

jPnðxÞWQðxÞðjxj þ ðan=nÞrÞ
rj

pCðn=anÞ1=2½maxfn�2=3; 1� ðjxj=anÞg�1=4fAnðxjnÞ=bng1=2jx � xjnj

pCna�3=2
n ½maxfn�2=3; 1� ðjxj=anÞg�1=4jx � xjnj: ð2:16Þ

Using (1.3) and Theorem 1.6 to n þ 1; we see the following:

l�1nþ1ðW 2
rQ; xk;nþ1Þ ¼ bnþ1P

0
nþ1ðxk;nþ1ÞPnðxk;nþ1Þ;

P0
nþ1ðxk;nþ1Þ ¼ Anþ1ðxk;nþ1ÞPnðxk;nþ1Þ:

Therefore, from Theorem 1.7

P2
nðxk;nþ1ÞBð1=nÞl�1nþ1ðW 2

rQ; xk;nþ1Þ; ð2:17Þ

hence, using Theorem 1.2(iii), for xj;nþ1a0 we see

jPnðxj;nþ1ÞWrQðxj;nþ1ÞjBa�1=2
n ½maxfn�2=3; 1� ðjxj;nþ1j=anÞg�1=4: ð2:18Þ

Now, we use formula (2.16) for x ¼ xj;nþ1; then by (2.18) we see Can=npjxjþ1;n �
xjnjpjxj�1;n � xjnj: If xj;nþ1 ¼ 0; then by Lemma 2.12 we have Can=npjxjnj ¼
ð1=2Þjxj�1;n � xjnj: Consequently, the first formula of Theorem 1.10 is proved. The

second formula follows from Theorem 1.4. &

Proof of Theorem 1.11. (i) Let n be even. By (1.6),

max
jxjpx½n=2�n

jPnðxÞj ¼ jPnð0ÞjBðn=anÞr
a�1=2

n :

If n is odd, then by (2.17), Theorems 1.2(i) and 1.10

jPnðx½ðnþ1Þ=2�;nþ1ÞjBðn=anÞr
a�1=2

n :

Therefore, we have (1.9). In other cases, (1.10) follows from Theorem 1.8 and (2.18).
(ii) First, we show (1.12). By (1.8),

max
xknpxpxk�1;n

jP0
nðxÞWrQðxÞjXCna�3=2

n :

By Theorem 1.6 we see

P0
nðxÞ ¼ AnðxÞPn�1ðxÞ � BnðxÞPnðxÞ � 2rfPnðxÞ=xgn;
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hence,

max
xknpxpxk�1;n

jP0
nðxÞWrQðxÞj

pC max
xknpxpxk�1;n

½jAnðxÞPn�1ðxÞWrQðxÞj

þ jBnðxÞPnðxÞWrQðxÞj þ 2jrj jfPnðxÞ=xgnWrQðxÞj�: ð2:19Þ

Here we use Theorems 1.8 and 1.7. For Can=npjxj we see that from (2.19)

max
xknpxpxk�1;n

jP0
nðxÞWrQðxÞjpCna�3=2

n :

By (1.8) we conclude (1.12).
We show (1.11). Let n be odd, and let

max
jxjpx½n=2�;n

jPnðxÞj ¼ jPnð %xÞj; 0o %xox½n=2�;n:

Since y ¼ jPnðxÞj is concave on ½0; %x�; we see

max
jxjp %x

jP0
nðxÞj ¼ jP0

nð0ÞjBðn=anÞr
na�3=2

n ðby ð1:7ÞÞ: ð2:20Þ

Here we set %x ¼ enan=n: If en-0; then by (1.9)

jPnð %xÞ= %xjBð1=enÞðn=anÞr
na�3=2

n :

This contradicts (2.20). So we see %xBan=n: If in (2.19) we exchange xkn for %x; and set
xk�1;n ¼ x½n=2�;n; then the consideration under the inequality (2.19) is correct

similarly. So we have

max
%xpxpx½n=2�;n

jP0
nðxÞWrQðxÞjpCna�3=2

n : ð2:21Þ

Since we see WrQðxÞBðan=nÞr for %xpxpx½n=2�;n; inequality (2.21) implies

max
%xpxpx½n=2�;n

jP0
nðxÞjpCðn=anÞr

na�3=2
n : ð2:22Þ

Consequently, by (2.20) and (2.22) we obtain (1.11).

Let n be even. From WrQðx½n=2�;nÞBðan=nÞr and (1.8) we have

jP0
nðx½n=2�;nÞjBðn=anÞr

na�3=2
n : ð2:23Þ

By Theorem 1.6, P0
nðxÞ ¼ AnðxÞPn�1ðxÞ � BnðxÞPnðxÞ: Using Theorem 1.7 and (1.9),

we see

max
0pxpx½n=2�;n

jP0
nðxÞjpCðn=anÞr

na�3=2
n :

So by the symmetry of P0
nðxÞ and (2.23) we get (1.11). &

For an application we need an exact result of Theorem 1.11. We estimate the
values in the neighborhood of xkn; and otherwise.
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Proof of Corollary 1.12. Let xkna0: For the interval ½xkn; xk�1;n� we set
max

xknpxpxk�1;n
jPnðxÞWrQðxÞj ¼ jPnð %xknÞWrQð %xknÞj; xkno %xknoxk�1;n:

We consider the points Aðxkn; 0Þ; Bð %xkn; 0Þ and Cð %xkn; jPnð %xknÞWrQð %xknÞjÞ:

(a) Let y ¼ jPnðxÞWrQðxÞj be concave on ½xkn; %xkn�: We denote the tangent of y ¼
jPnðxÞWrQðxÞj at A and C by l and l0; respectively. Let l and l0 intersect at D; and

let us denote the middle point of the segment AD by P: Furthermore, let us
denote the line PC and the graph of y ¼ jPnðxÞWrQðxÞj intersect by Q; and the

x-coordinates of D; P and Q by x ¼ d; x ¼ p and x ¼ q; respectively. We also
consider the line AC:

(b) Let y ¼ jPnðxÞWrQðxÞj be convex–concave on ½xkn; %xkn�: For the graph of y ¼
jPnðxÞWrQðxÞj we consider the tangent l00 passing through the point A; where the

curve is situated under l00 on ½xkn; %xkn�: The other notations in (a) are defined
similarly. We denote the tangent of y ¼ jPnðxÞWrQðxÞj at A by l: Let EðaAÞ be
the point where the tangent l intersects the graph y ¼ jPnðxÞWrQðxÞj again, and
let us denote the x-coordinate of E by e: The line AEn expresses the line AE if

%xknpe; or the line AC if eo %xkn ðEn ¼ E or CÞ:
(c) From (a) or (b) we obtain the following: Let jxjpZan; 0oZo1:

(1) We see that on ½xkn; %xkn� the graph of y ¼ jPnðxÞWrQðxÞj is situated between the
lines AD and AC; or between the lines AD and AEn:
(2) The x-coordinate d of D satisfies d � xknBan=n; hence, p � xknBan=n and

q � xknBan=n:

(3) The slope m of the line PC satisfies jmjojfPnðxÞWrQðxÞg0j for xknpxpq:

The proof of (c) follows from (a), (b), especially, d � xknBan=n is shown
as follows. If d � xkn ¼ enan=n; en-0; then the slope of the line AD exceeds
largely over the value given in Theorem 1.11. So it is contradictory. From (3)
we see

jP0
nðxÞWrQðxÞ þ fðr=xÞ � Q0ðxÞgPnðxÞWrQðxÞjBna�3=2

n ; xknpxpq;

so there exists a constant d0 such that

jP0
nðxÞWrQðxÞjBna�3=2

n ; xknpxpxkn þ d0an=n:

Let xkn ¼ 0: Then we treat a graph of y ¼ jPnðxÞj instead of y ¼ jPnðxÞWrQðxÞj in the
above consideration. So we obtain the same results described above with respect to
y ¼ jPnðxÞj: Now, from these the proof of Corollary 1.12 follows. &

Proof of Theorem 1.13. By Theorem 1.1 we see

z4n ¼ sup
xAR

jPnðxÞj4W 4
QðxÞðjxj þ ðanÞrÞ

4rj1� ðjxj=anÞj

pC sup
jxjpan

jPnðxÞj4W 4
QðxÞðjxj þ ðanÞrÞ

4rf1� ðjxj=anÞ2g
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(for W 4
rQðxÞ and PA

Q
4n we can take the interval ½�an; an�)

pCða�1=2
n Þ4 ðby Theorem 1:8 and ð2:3ÞÞ:

Therefore, we have znpCa
�1=2
n :

We show the inverse inequality. By Theorem 1.1

1 ¼
Z

N

�N

P2
nðxÞW 2

rQðxÞ dxpC

Z
jxjpan

P2
nðxÞW 2

rQðxÞ dx

pCz2n

Z
jtjpan

f1� ðjtj=anÞg�1=2
jtj

jtj þ ðan=nÞr

� �2r

dt ðby the definition of znÞ

pCz2nan

Z 1

0

ð1� sÞ�1=2 s

s þ ðan=nÞr=an

� �2r

dspCz2nan:

Consequently, we see znBa
�1=2
n : &

To prove Theorem 1.14 we need the following lemma.

Lemma 2.13 (Levin and Lubinsky [LL1, Theorem 1.9]). Let Qð0Þ ¼ 0: For PA
Q

n

we have

jðPWQÞ0ðxÞjpCðn=anÞ½maxfn�2=3; 1� ðjxj=anÞg�1=2jjPWQjjCNðRÞ:

Proof of Theorem 1.14. By Theorem 1.8 we see for jxjpanð1� Ln�2=3Þ
jPnðxÞWQðxÞðjxj þ ðan=nÞrÞ

rjpCa�1=2n j1� ðjxj=anÞj�1=4pCa�1=2
n n1=6:

Therefore, by Theorem 1.1

jjPnWQðjxj þ ðan=nÞrÞ
rjjCNðRÞpCa�1=2

n n1=6: ð2:24Þ

We show an inverse inequality. Let jðjxj=anÞ � 1jpCn�2=3: Applying Lemma 2.13 to

ðPnWrQÞ0ðxÞ ¼ xrðPnWQÞ0ðxÞ þ rxr�1ðPnWQÞðxÞ;
we see

jðPnWrQÞ0ðxÞj

pC½xrðn=anÞn�1=3jjPnWQjjLNðjxjp2anÞ þ xrð1=anÞjjPnWQjjLNðjxjp2anÞ�

pC½ðn=anÞn�1=3 þ ð1=anÞ�jjPnWrQjjLNðjxjp2anÞ

pCðn=anÞn�1=3jjPnWrQjjLNðjxjp2anÞ:

If we set x ¼ x1n; then from (1.8),

na�3=2
n n�1=6pCðn=anÞn�1=3jjPnWrQjjLNðjxjp2anÞ:

From this we see

Ca�1=2
n n1=6pjjPnWrQjjCNðRÞ:
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Consequently, with (2.24) we obtain

sup
xAR

jPnðxÞWQðxÞðjxj þ ðan=nÞrÞ
rjBa�1=2

n n1=6: &

Proof of Theorem 1.15. Let rX0: From Theorem 1.1 we see

jjP0
nWrQjjCNðRÞpCjjP0

nWrQjjLNðjxjpanð1�Kn�2=3ÞÞ:

By Theorem 1.6

P0
nðxÞWrQðxÞ þ 2rfPnðxÞ=xgnWrQðxÞ

¼ AnðxÞPn�1ðxÞWrQðxÞ þ BnðxÞPnðxÞWrQðxÞ:

Let n be odd, then we see that the polynomial PnðxÞ is odd. We define xn as

sup0pxpx½n=2�;n
jPnðxÞj ¼ jPnðxnÞj; 0oxnox½n=2�;n: Since we see sign½P0

nðxÞ� ¼
sign½PnðxÞ=x� in ½0; xn�; we have

jfPnðxÞ=xgnWrQðxÞjp jAnðxÞPn�1ðxÞWrQðxÞj þ jBnðxÞPnðxÞWrQðxÞj

pCna�3=2
n ; 0pxpxn:

For xA½xn; x½n=2�;n� we see

sup
xnpxpx½n=2�;n

jPnðxÞ=xjp sup
0pxpxn

jPnðxÞ=xj

pCna�3=2
n :

We use again Theorem 1.6.

jP0
nðxÞWrQðxÞjp ½jAnðxÞPn�1ðxÞWrQðxÞj þ jBnðxÞPnðxÞWrQðxÞj

þ 2rjfPnðxÞ=xgnWrQðxÞj�: ð2:25Þ
For x½n=2�;npjxjpZan; 0oZo1; we have

jfPnðxÞ=xgnWrQðxÞjpCðn=anÞa�1=2
n :

Let Zanpjxj: By Theorem 1.14 we see

jfPnðxÞ=xgnWrQðxÞjpCa�3=2
n n1=6:

So we get

jfPnðxÞ=xgnWrQðxÞjpCfðn=anÞa�1=2
n þ a�3=2

n n1=6g; xAR:

Therefore, from Theorems 1.7 and 1.8 we see that for jxjpan inequality (2.25)

implies jP0
nðxÞWrQðxÞjpCna

�3=2
n n1=6: From this we have

jjP0
nWrQjjCNðRÞpCna�3=2

n n1=6: ð2:26Þ
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On the other hand, we see

fPnðxÞWrQðxÞg0 ¼PnðxÞ0WrQðxÞ þ rPnðxÞxr�1WQðxÞ

� Q0ðxÞPnðxÞWrQðxÞ:

If we set

max
jxjpanð1þLn�2=3Þ

jPnðxÞWrQðxÞj ¼ jPnð %xÞWrQð %xÞj;

then from fPnðxÞWrQðxÞg0x¼ %x ¼ 0 we have

jP0
nð %xÞWrQð %xÞj ¼ jQ0ð %xÞPnð %xÞWrQð %xÞ � rfPnð %xÞWrQð %xÞg= %xj

B na�3=2
n n1=6 ðby Theorem 1:14Þ:

Consequently by (2.26) we obtain

max
xAR

jP0
nðxÞWrQðxÞjBna�3=2

n n1=6: &

3. Further properties of orthonormal polynomials

To get further properties of orthonormal polynomials we need to strengthen the
conditions for the Freud exponential QðxÞ: Let n ¼ 1; 2; 3;y : If n ¼ 1; then we

assume (0.1), and for nX2 we suppose (0.1) and further that QACðnþ1ÞðRÞ and

0pxQðjþ1ÞðxÞ=QðjÞðxÞpB̃; j ¼ 2; 3;y; n;

Qðnþ1ÞðxÞm ðnondecreasingÞ; xAð0;NÞ; ð3:1Þ

where B̃ is a positive constant. For this QðxÞ the Freud-type weights WrQðxÞ are
defined by (0.3), and then we say that the weight WrQðxÞ satisfies the condition CðnÞ:
We consider the series of orthonormal polynomials fPnðW 2

rQ; xÞgNn¼0 with weights

(0.3). The polynomials fPnðW 2
rQ; xÞgNn¼0 are constructed by (0.4) with WrQðxÞ:

When n ¼ 1; in previous section we have obtained some properties of the

orthonormal polynomials fPnðW 2
rQ; xÞgNn¼0: In this section we investigate further

properties of fPnðW 2
rQ; xÞgNn¼0:

Our result analogies [KS]. We begin to estimate jth differential of AnðxÞ or BnðxÞ
which is defined in Theorem 1.6.

Theorem 3.1. Let Q satisfy the condition CðnÞ; then for jxjpDan; D40;

jAðjÞ
n ðxÞjpCn=ajþ1

n ; jBðjÞ
n ðxÞjpCn=ajþ1

n ; j ¼ 0; 1;y; n� 1:

We need an extension of Theorem 3.1.
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Theorem 3.2. Let Q satisfy the condition Cðnþ 1Þ: For jxjpDan; D40; we have the

following estimates:

(i) For each odd integer j; 1pjpn� 1; we have

jAðjÞ
n ðxÞjpCjxjn=ajþ2

n :

(ii) For each even integer j; 0pjpn� 1; we have

jBðjÞ
n ðxÞjpCjxjn=ajþ2

n :

Theorem 3.3. We have the following differential equation:

(i) For any odd integer nX1

P00
n � ðQ0 þ A0

n=AnÞP0
n

þ fðbnAnAn�1=bn�1Þ þ BnBn�1 � ðxAn�1Bn=bn�1Þ

þ B0
n � ðA0

nBn=AnÞ � 2rðAn�1=bn�1ÞgPn

þ 2rðxP0
n � PnÞ=x2 þ 2rðBn�1 � A0

n=AnÞðPn=xÞ ¼ 0:

(ii) For any even integer nX2

P00
n � ðQ0 þ A0

n=AnÞP0
n

þ fðbnAnAn�1=bn�1Þ þ BnBn�1 � ðxAn�1Bn=bn�1Þ

þ B0
n � ðA0

nBn=AnÞgPn

þ 2rðP0
n=xÞ þ 2rBnðPn=xÞ ¼ 0:

We rewrite Theorem 3.3 as follows.

(i) For any odd integer n

aðxÞP00
nðxÞ þ bðxÞP0

nðxÞ þ cðxÞPnðxÞ þ DðxÞ þ EðxÞ ¼ 0; ð3:2Þ
where

aðxÞ ¼ AnðxÞ; bðxÞ ¼ �Q0ðxÞAnðxÞ � A0
nðxÞ;

cðxÞ ¼ fbnA2
nðxÞAn�1ðxÞ=bn�1g þ AnðxÞBnðxÞBn�1ðxÞ

� fxAnðxÞAn�1ðxÞBnðxÞ=bn�1g þ AnðxÞB0
nðxÞ � A0

nðxÞBnðxÞ

� 2rfAnðxÞAn�1ðxÞ=bn�1g

¼ c1ðxÞ þ c2ðxÞ þ c3ðxÞ þ c4ðxÞ þ c5ðxÞ þ c6ðxÞ;

DðxÞ ¼ 2rfAnðxÞBn�1ðxÞ � A0
nðxÞgfPnðxÞ=xg;

EðxÞ ¼ 2rAnðxÞ½fxP0
nðxÞ � PnðxÞg=x2�: ð3:3Þ
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(ii) For any even integer n

aðxÞP00
nðxÞ þ bðxÞP0

nðxÞ þ cðxÞPnðxÞ þ DðxÞ þ EðxÞ ¼ 0; ð3:4Þ
where

aðxÞ ¼ AnðxÞ; bðxÞ ¼ �Q0ðxÞAnðxÞ � A0
nðxÞ;

cðxÞ ¼ fbnA2
nðxÞAn�1ðxÞ=bn�1g þ AnðxÞBnðxÞBn�1ðxÞ

� fxAnðxÞAn�1ðxÞBnðxÞ=bn�1g þ AnðxÞB0
nðxÞ � A0

nðxÞBnðxÞ

¼ c1ðxÞ þ c2ðxÞ þ c3ðxÞ þ c4ðxÞ þ c5ðxÞ;

DðxÞ ¼ 2rAnðxÞBnðxÞfPnðxÞ=xg; EðxÞ ¼ AnðxÞfP0
nðxÞ=xg: ð3:5Þ

By (3.2) and (3.4) for j ¼ 0; 1;y; n� 2 ðnX2Þ we consider the following differential
equations:

aðxÞP00
nðxÞ þ bðxÞP0

nðxÞ þ cðxÞPnðxÞ þ DðxÞ þ EðxÞ ¼ 0; j ¼ 0;

aðxÞP000
n ðxÞ þ fa0ðxÞ þ bðxÞgP00

nðxÞ þ fb0ðxÞ þ cðxÞgP0
nðxÞ

þ c0ðxÞPnðxÞ þ D0ðxÞ þ E0ðxÞ ¼ 0; j ¼ 1;

aðxÞPðjþ2Þ
n ðxÞ þ f ja0ðxÞ þ bðxÞgPðjþ1Þ

n ðxÞ

þ
Xj�2
s¼0

j

s þ 2

 !
aðsþ2ÞðxÞ þ

j

s þ 1

 !
bðsþ1ÞðxÞ þ

j

s

 !
cðsÞðxÞ

( )
Pðj�sÞ

n ðxÞ

þ fbðjÞðxÞ þ jcðj�1ÞðxÞgP0
nðxÞ þ cðjÞðxÞPnðxÞ þ DðjÞðxÞ þ EðjÞðxÞ ¼ 0;

j ¼ 2; 3;y; n� 2:

Simply we write

A
½0�
2 ðxÞP00

nðxÞ þ A
½0�
1 ðxÞP0

nðxÞ þ A
½0�
0 ðxÞPnðxÞ þ D½0�ðxÞ þ E½0�ðxÞ ¼ 0; j ¼ 0;

A
½1�
3 ðxÞP000

n ðxÞ þ A
½1�
2 ðxÞP00

nðxÞ þ A
½1�
1 ðxÞP0

nðxÞ

þ A
½1�
0 ðxÞPnðxÞ þ D½1�ðxÞ þ E½1�ðxÞ ¼ 0; j ¼ 1;

A
½j�
jþ2ðxÞPðjþ2Þ

n ðxÞ þ A
½j�
jþ1ðxÞPðjþ1Þ

n ðxÞ þ
Xj

s¼0
A

½j�
j�sðxÞPðj�sÞ

n ðxÞ

þ D½j�ðxÞ þ E½j�ðxÞ ¼ 0; j ¼ 2; 3;y; n� 2: ð3:6Þ
We define

/iS ¼
1 ði: oddÞ;
0 ði: evenÞ;

(
MnðQ; xÞ ¼ jxj=a2n þ jQ0ðxÞj:
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Theorem 3.4. Let nX2; and let Q satisfy the condition Cðnþ 1Þ: Then for

jxjpDan; D40; and j ¼ 0; 1;y; n� 2 we have the following estimates:

A
½j�
jþ2ðxÞBðn=anÞ; jA½j�

jþ1ðxÞjpCMnðQ; xÞðn=anÞ;

jA½j�
j�sðxÞjpCjxj/sSðn3=asþ3þ/sS

n Þ; s ¼ 0; 1;y; j;

where the constant C is independent of n; x:

Eqs. (3.6) are rewritten as follows.

Theorem 3.5. Let nX2; and let Q satisfy the condition Cðnþ 1Þ: Then for j ¼
0; 1;y; n� 2 we have the following equations:

B
½j�
jþ2ðxÞPðjþ2Þ

n ðxÞ þ B
½j�
jþ1ðxÞPðjþ1Þ

n ðxÞ þ
Xj

s¼0
B
½j�
j�sðxÞPðj�sÞ

n ðxÞ ¼ 0;

where for xkna0 we see

jB½j�
jþ2ðxknÞj ¼ jA½j�

jþ2ðxknÞjBn=an;

jB½j�
jþ1ðxknÞjpCfMnðQ; xknÞ þ 1=jxknjgðn=anÞ;

jB½j�
j�sðxknÞjpC½fjxknj/sS

n3=asþ3þ/sS
n g þ fðn=anÞsþ2=jxknjg�;

s ¼ 0; 1;y; j:

For any odd integer n and xkn ¼ 0 we have

jB½j�
jþ2ð0Þj ¼ f1þ 2r=ðj þ 2ÞgjA½j�

jþ2ð0ÞjBn=an; jB½j�
jþ1ð0ÞjpCðn=anÞ2;

jB½j�
j�sð0ÞjpC½f0/sSn3=asþ3þ/sS

n g þ n2=asþ3
n �pCðn3=asþ3

n Þ;

s ¼ 0; 1;y; j: ð3:7Þ

The following theorem is applicable.

Theorem 3.6. Let nX2; and let Q satisfy the condition Cðnþ 1Þ; then for i ¼ 1; 2;y; n
and xkna0

jPðiÞ
n ðxknÞjpCfMnðQ; xknÞ þ 1=jxknjg1�/iSðn=anÞi�2þ/iSjP0

nðxknÞj:

For any odd integer n and xkn ¼ 0; using (3.7), we have

jPðiÞ
n ð0ÞjpCðn=anÞi�1jP0

nð0Þj; i ¼ 1; 2;y; n:

After this we prove the above theorems. To prove Theorem 3.1 we need the
following lemma.
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Lemma 3.7. Let j ¼ 1; 2;y; n� 1; and let KX2 be a constant. Then there exist

DXK þ 1; d40 such that for jxjpKan

JnðxÞ ¼
Z
jtjXDan

P2
nðtÞ

j!

ðt � xÞjþ1

( )
Q0ðtÞ �

Xj

i¼0
ð1=i!ÞQðiþ1ÞðxÞðt � xÞi

( )" #

� W 2
rQðtÞ dt

pC expð�dnÞ:

Proof. For each i ¼ 0; 1;y; j

jQðiþ1ÞðxÞðt � xÞijpCjQðiþ1ÞðtÞðt � xÞijpCjfQ0ðtÞ=tigðt � xÞij

pCjQ0ðtÞjpCjQ0ðtÞj2 ðsee ð3:1ÞÞ:

Since jt � xjXan; we see

j!

ðt � xÞjþ1

( )
Q0ðtÞ �

Xj

i¼0

1

i!

� �
Qðiþ1ÞðxÞðt � xÞi

( )�����
�����pCa�ðjþ1Þ

n jQ0ðtÞj2:

Hence

JnðxÞpCa�ðjþ1Þ
n

Z
jtjXDan

P2
nðtÞfQ0ðtÞg2W 2

rQðtÞ dt:

On the other hand, using the method of [Ba1, p. 221] for jtjXðD=2Þq2n; we see

P2
nðtÞW 2

rQðtÞpC216nðq2n=jtjÞ2ðn�rÞð1=q2nÞ
Z
jtjpq2n

P2
nðtÞW 2

rQðtÞ dt

pC216nq
2ðn�rÞ�1
2n jtj�2ðn�rÞ:

Since jQ0ðtÞj2pCt2ðB�1Þ for a constant B40 [LL1, Lemma 5.1] and q2no2qno2an;
for a constant D40 large enough we haveZ

jtjXDan

P2
nðtÞfQ0ðtÞg2W 2

rQðtÞ dt

pC216nq
2ðn�rÞ�1
2n

Z
N

ðD=2Þq2n

t�2ðn�rÞfQ0ðtÞg2 dt

pC216nq
2ðn�rÞ�1
2n

Z
N

ðD=2Þq2n

t�2nþ2rþ2B�2 dt

pCð218=D2Þn
q2B�2
2n =npC expð�dnÞ; d40: &

Proof of Theorem 3.1. Let QACðjþ2ÞðRÞ and jxjpKan: Then, for each

j ¼ 1; 2;y; n� 1; ð@=@xÞj %Qðx; tÞ is continuous on the compact interval I with
respect to tAI (hence bounded), and uniformly continuous for xAI : Hence, using
Lemma 3.7, there exists x ðtoxox or xoxotÞ; and a constant D40 large enough
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such that

jAðjÞ
n ðxÞj

pCbn

Z
jtjpDan

P2
nðtÞ

j!

ðt � xÞjþ1

( )"�����
� Q0ðtÞ �

Xj

i¼0

1

i!

� �
Qðiþ1ÞðxÞðt � xÞi

( )#
W 2

rQðtÞ dt

�����
þ expð�dnÞ ðd40Þ ðxoxot or toxoxÞ

pCf1=ðj þ 1Þgbn

Z
jtjpDan

P2
nðtÞQðjþ2ÞðxÞW 2

rQðtÞ dt

�����
�����þ expð�dnÞ

pCbnjQðjþ2ÞðDanÞj
Z

N

�N

P2
nðtÞW 2

rQðtÞ dt þ expð�dnÞpCn=ajþ1
n :

The estimate of B
ðjÞ
n ðxÞ is obtained from that of A

ðjÞ
n ðxÞ and the Cauchy–Schwarz

inequality. &

If we strengthen the condition for Q; Theorem 3.1 is improved.

Proof of Theorem 3.2. We see that AnðxÞ is an even function. Using Theorem 3.1, for

QACðnþ2ÞðRÞ we have jAðjÞ
n ðxÞjpCn=ajþ1

n ; j ¼ 0; 1;y; n: Therefore, for positive odd
integers jpn� 1 there is x; 0oxojxj; such that

jAðjÞ
n ðxÞj ¼ jxjfjAðjÞ

n ðxÞj=jxjg ¼ jxjjAðjþ1Þ
n ðxÞjpCjxjn=ajþ2

n :

Since BnðxÞ is an odd function, we can repeat the above method similarly. &

Proof of Theorem 3.3. If n is odd, then

P0
n ¼ AnPn�1 � BnPn � 2rðPn=xÞ; ð3:8Þ

P00
n ¼ A0

nPn�1 þ AnP0
n�1 � B0

nPn � BnP0
n � 2rðxP0

n � PnÞ=x2: ð3:9Þ

The recurrence formula xPn�1 ¼ bnPn þ bn�1Pn�2 means

Pn�2 ¼ ðx=bn�1ÞPn�1 � ðbn=bn�1ÞPn:

Using this (note even number n � 1),

P0
n�1 ¼An�1Pn�2 � Bn�1Pn�1

¼An�1fðx=bn�1ÞPn�1 � ðbn=bn�1ÞPng � Bn�1Pn�1

¼fðxAn�1=bn�1Þ � Bn�1gPn�1 � ðbnAn�1=bn�1ÞPn: ð3:10Þ

By (3.8),

Pn�1 ¼ ðP0
n=AnÞ þ ðBn=AnÞPn þ 2rPn=ðxAnÞ; ð3:11Þ
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and if we apply (3.11) to (3.10), then

P0
n�1 ¼fðxAn�1=bn�1Þ � Bn�1g

� fðP0
n=AnÞ þ ðBn=AnÞPn þ 2rPn=ðxAnÞg � ðbnAn�1=bn�1ÞPn

¼ð1=AnÞfðxAn�1=bn�1Þ � Bn�1gP0
n þ ð1=AnÞfðxAn�1Bn=bn�1Þ

� Bn�1Bn � ðbnAn�1An=bn�1Þ þ 2rðAn�1=bn�1ÞgPn

� 2rðBn�1=AnÞðPn=xÞ: ð3:12Þ

Applying (3.11) and (3.12) to (3.9),

P00
n ¼A0

nfð1=AnÞP0
n þ ðBn=AnÞPn þ 2rð1=AnÞðPn=xÞg

þ fðxAn�1Þ=bn�1 � Bn�1gP0
n

þ fðxAn�1Bn=bn�1Þ � Bn�1Bn � ðbnAn�1An=bn�1Þ þ 2rðAn�1=bn�1ÞgPn

� 2rBn�1ðPn=xÞ � B0
nPn � BnP0

n � 2rfðxP0
n � PnÞ=x2g

¼ � fBn�1 þ Bn � ðxAn�1=bn�1Þ � A0
n=AngP0

n

� fðbnAn�1An=bn�1Þ þ Bn�1Bn � ðxAn�1Bn=bn�1Þ

þ B0
n � ðA0

nBn=AnÞ � 2rðAn�1=bn�1ÞgPn

� 2rfðxP0
n � PnÞ=x2g � 2rfBn�1 � ðA0

n=AnÞgðPn=xÞ:

For any even integer n we can also show the result similarly. We have

P00
n ¼ � fBn�1 þ Bn � ðxAn�1=bn�1Þ � A0

n=AngP0
n

� fðbnAn�1An=bn�1Þ þ Bn�1Bn � ðxAn�1Bn=bn�1Þ

þ B0
n � ðA0

nBn=AnÞgPn � 2rðP0
n=xÞ � 2rBnðPn=xÞ:

The equation Bn�1 þ Bn � ðxAn�1=bnÞ ¼ �Q0 (the coefficient of P0
n) is shown as

follows. By the recurrence formula and t=ðt � xÞ ¼ 1þ x=ðt � xÞ

BnðxÞ þ Bn�1ðxÞ

¼ 2

Z
N

�N

Pn�1ðtÞfbnPnðtÞ þ bn�1Pn�2ðtÞg %Qðx; tÞW 2
rQðtÞ dt

¼ 2

Z
N

�N

P2
n�1ðtÞfQ0ðtÞ � Q0ðxÞgW 2

rQðtÞ dt

þ 2x

Z
N

�N

P2
n�1ðtÞ %Qðx; tÞW 2

rQðtÞ dt
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¼ 2

Z
N

�N

P2
n�1ðtÞQ0ðtÞW 2

rQðtÞ dt � Q0ðxÞ

þ 2x

Z
N

�N

P2
n�1ðtÞ %Qðx; tÞW 2

rQðtÞ dt

¼ � Q0ðxÞ þ xAn�1ðxÞ=bn�1 ðbecause Q0ðtÞ is an odd functionÞ:
From this, we have the result. &

Proof of Theorem 3.4. Let j ¼ 0; 1;y; n� 2; and jxjpKan ðKX2Þ: For A
jjj
jþ2ðxÞ ¼

AnðxÞ; the estimate follows from Theorem 1.7. By the definition in (3.6) and
Theorem 3.2

jAjjj
jþ1ðxÞjpCfjA0

nðxÞj þ jQ0ðxÞAnðxÞjg

pCfjxjn=a3n þ jQ0ðxÞjn=angpCMnðQ; xÞn=an:

For A
jjj
j�sðxÞ we estimate aðsþ2ÞðxÞ; bðsþ1ÞðxÞ and cðsÞðxÞ: We see aðsþ2ÞðxÞ ¼

A
ðsþ2Þ
n ðxÞ: The functions aðxÞ; bðxÞ; cðxÞ; c1ðxÞ;y; c6ðxÞ are defined by (3.3) and

(3.5). We use Theorem 3.2. Obviously,

jaðsþ2ÞðxÞj ¼ jAðsþ2Þ
n ðxÞjpCjxj/sS

n=asþ3þ/sS
n :

For bðsþ1ÞðxÞ; s ¼ �1; 0;y; j � 1; we see

bðsþ1ÞðxÞ ¼ � Aðsþ2Þ
n ðxÞ þ

Xsþ1
p¼0

s þ 1

p

 !
Qðpþ1ÞðxÞAðsþ1�pÞ

n ðxÞ
( )

:

We set

X
¼
Xsþ1
p¼0

s þ 1

p

 !
Qðpþ1ÞðxÞAðsþ1�pÞ

n ðxÞ:

By (3.1) we see

jQðpþ1ÞðxÞjpQðpþ1ÞðKanÞpCQ0ðKanÞðKanÞ�ppCna�ðpþ1Þ
n :

From Theorem 3.2

jQðpþ1ÞðxÞAðsþ1�pÞ
n ðxÞjpCnðKanÞ�ðpþ1Þjxj/sþ1�pS

n=asþ2�pþ/sþ1�pS
n

pCjxj/sþ1�pS
n2=asþ3þ/sþ1�pS

n :

Therefore, if /s þ 1� pS ¼ /sS or 0 ¼ /sSa/s þ 1� pS; then we see

jQðpþ1ÞðxÞAðsþ1�pÞ
n ðxÞjpCjxj/sS

n2=asþ3þ/sS
n :

If 0 ¼ /s þ 1� pSa/sS; then p þ 1 is odd. By (3.1), the function Qðpþ1ÞðxÞ=x is
continuous and increasing on ð0;NÞ: From these

jQðpþ1ÞðxÞAðsþ1�pÞ
n ðxÞjpCfQðpþ1ÞðKanÞ=ðKanÞgjxjðn=asþ2�p

n Þ

pCjxj/sS
n2=asþ3þ/sS

n :
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Consequently,

jbðsþ1ÞðxÞjpjAðsþ2Þ
n ðxÞj þ

X��� ���pCjxj/sS
n2=asþ3þ/sS

n :

Next, we estimate cðsÞðxÞ: We prove only the case of odd number n; and omit the

case of even n: Since fA2
nðxÞAn�1ðxÞgðsÞ is a linear combination of

A
ðtÞ
n ðxÞAðuÞ

n ðxÞAðvÞ
n�1ðxÞ; t þ u þ v ¼ s; by Theorem 3.2, we have

jcðsÞ1 ðxÞjpC
X

t;u;v;tþuþv¼s

jxj/tSþ/uSþ/vS
n3=asþ3þ/tSþ/uSþ/vS

n :

If s is even, then we see

jcðsÞ1 ðxÞjpCn3=asþ3
n ¼ Cjxj/sS

n3=asþ3þ/sS
n :

If s is odd, by /tSþ/uSþ/vSX1 we see

jcðsÞ1 ðxÞjpCjxjn3=asþ4
n pCjxj/sS

n3=asþ3þ/sS
n :

For c
ðsÞ
2 ðxÞ by (3.3), (3.5) and Theorem 3.2

jcðsÞ2 ðxÞjpC
X

t;u;v;tþuþv¼s

jAðtÞ
n ðxÞBðuÞ

n�1ðxÞBðvÞ
n ðxÞj

pC
X

t;u;v;tþuþv¼s

jxj2þ/tS�/uS�/vS
n3=asþ5þ/tS�/uS�/vS

n :

If s is odd, by 1þ/tS�/uS�/vSX0

jcðsÞ2 ðxÞjpCjxj/sS
n3=asþ3þ/sS

n :

If s is even, by 2þ/tS�/uS�/vSX0

jcðsÞ2 ðxÞjpCjxj/sS
n3=asþ3þ/sS

n :

For c
ðsÞ
3 ðxÞ we consider

c
ðsÞ
3 ðxÞ ¼ ðx=bn�1ÞfAnðxÞAn�1ðxÞBnðxÞgðsÞ

þ ðs=bn�1ÞfAnðxÞAn�1ðxÞBnðxÞgðs�1Þ

¼ c31ðxÞ þ c32ðxÞ; say:

Here

jfAnðxÞAn�1ðxÞBnðxÞgðsÞj

pC
X

t;u;v;tþuþv¼s

jxj1þ/tSþ/uS�/vS
n3=asþ4þ/tSþ/uS�/vS

n pCn3=asþ3
n ; ð3:13Þ

hence, we have jcðsÞ31 ðxÞjpCjxj/sS
n3=asþ3þ/sS

n : If in (3.13) we exchange s for s � 1;

then for any even s

ð1=bn�1ÞjfAnðxÞAn�1ðxÞBnðxÞgðs�1ÞjpCn3=asþ3
n

¼Cjxj/sS
n3=asþ3þ/sS

n :
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Let s be odd. If we use the first inequality of (3.13) again by 1þ/tSþ/uS�
/vSX1

ð1=bn�1ÞjfAnðxÞAn�1ðxÞBnðxÞgðs�1ÞjpCjxj/sS
n3=asþ3þ/sS

n :

It is easy to see that c32ðxÞ has the same estimate as c
ðsÞ
1 ðxÞ:

We can estimate c
ðsÞ
4 ðxÞ as follows.

jcðsÞ4 ðxÞjpC
X

t;u;tþu¼s

jAðtÞ
n ðxÞjjBðuþ1Þ

n ðxÞj

pC
X

t;u;tþu¼s

jxj1þ/tS�/uþ1S
n2=asþ4þ/tS�/uþ1S

n :

If s is even, then jcðsÞ4 ðxÞjpCn2=asþ3
n ; and if s is odd, by /tS ¼ /u þ 1S

jcðsÞ4 ðxÞjpCjxj/sS
n2=asþ3þ/sS

n : ð3:14Þ

For c
ðsÞ
5 ðxÞ

jcðsÞ5 ðxÞjpC
X

t;u;tþu¼s

jAðtþ1Þ
n ðxÞj jBðuÞ

n ðxÞj

pC
X

t;u;tþu¼s

jxj1þ/tþ1S�/uS
n2=asþ4þ/tþ1S�/uS

n ;

so, we see that it has the same estimate as c
ðsÞ
4 ðxÞ in (3.14), that is

jcðsÞ5 ðxÞjpCjxj/sS
n2=asþ3þ/sS

n :

Finally, we estimate c
ðsÞ
6 which comes out for any odd integer n:

jcðsÞ6 j ¼ jð1=bn�1ÞfAnðxÞAn�1ðxÞgðsÞjpC
X

t;u;tþu¼s

jAðtÞ
n ðxÞj jAðuÞ

n�1ðxÞj

pC
X

t;u;tþu¼s

jxj1þ/tSþ/uS
n2=asþ4þ/tSþ/uS

n pCjxj/sS
n2=asþ3þ/sS

n : &

To prove Theorem 3.5 we need to consider the derivatives of fPnðxÞ=xgn:

Lemma 3.8. Let xkna0: We see

fPnðxÞ=xgðjÞx¼xkn
¼ ð�1Þj

x
�j
kn

Xj

i¼1
ð�1Þið j!=i!ÞPðiÞ

n ðxknÞxi�1
kn ;

½fxP0
nðxÞ � PnðxÞg=x2�ðjÞx¼xkn

¼ ð�1Þjþ1
x
�ðjþ1Þ
kn

Xjþ1
i¼1

ð�1Þiðð j þ 1Þ!=i!ÞPðiÞ
n ðxknÞxi�1

kn :

Let n be odd. For xkn ¼ 0

fPnðxÞ=xgðjÞx¼xkn
¼ pðjþ1Þ

n ð0Þ=ð j þ 1Þ;

½fxP0
nðxÞ � PnðxÞg=x2�ðjÞx¼0 ¼ Pðjþ2Þ

n ð0Þ=ð j þ 2Þ;
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and for xkna0

fP0
nðxÞ=xgðjÞx¼xkn

¼ ð�1Þj
x
�j
kn

Xj�1
i¼0

ð�1Þið j!=i!ÞPðiþ1Þ
n ðxknÞxi�1

kn :

Proof. These follow easily from

PnðxÞ ¼
Xn

i¼1
fPðiÞ

n ðxknÞ=i!gðx � xknÞi;

PnðxÞ=x ¼
Xn

i¼1
fPðiÞ

n ðxknÞ=i!gfðx � xknÞi=xg: &

Lemma 3.9. Let xkna0: We have

j½fAnðxÞBn�1ðxÞ � A0
nðxÞgfPnðxÞ=xg�ðjÞx¼xkn

jpCjx�1
kn j

Xj�1
s¼0

ðn=anÞsþ2jPðj�sÞ
n ðxknÞj;

j½AnðxÞfðxP0
nðxÞ � PnðxÞÞ=x2g�ðjÞx¼xkn

jpCjx�1
kn j
Xj�1
s¼�1

ðn=anÞsþ2jPðj�sÞ
n ðxknÞj;

j½AnðxÞfP0
nðxÞ=xg�ðjÞx¼xkn

jpCjx�1
kn j
Xj�1
s¼�1

ðn=anÞsþ2jPðj�sÞ
n ðxknÞj:

Especially, if n is odd, then for xkn ¼ 0 we have

j½fAnðxÞBn�1ðxÞ � A0
nðxÞgfPnðxÞ=xg�ðjÞx¼0jpC

Xj�1
s¼�1

ðn2=asþ3
n ÞjPðj�sÞ

n ð0Þj;

j½AnðxÞfðxP0
nðxÞ � PnðxÞÞ=x2g�ðjÞx¼0jpC

Xj�2
s¼�2

ðn=asþ3
n ÞjPðj�sÞ

n ð0Þj:

Proof. We use the same method as we got the estimate c4ðxÞ of (3.14). Using
Theorem 3.1

jfAnðxÞBn�1ðxÞ � A0
nðxÞg

ðiÞ
x¼xkn

jpCfn2=aiþ2
n þ n=aiþ2

n gpCn2=aiþ2
n :

Therefore, by Lemma 3.8 we see

j½fAnðxÞBn�1ðxÞ � A0
nðxÞgfPnðxÞ=xg�ðjÞx¼xkn

j

¼
Xj

i¼0

j

i

 !
fAnðxÞBn�1ðxÞ � A0

nðxÞg
ðiÞfPnðxÞ=xgðj�iÞ

x¼xkn

�����
�����

pCjxknj�1
Xj�1
i¼0

ðn2=aiþ2
n Þ

Xj�i

t¼1
jPðtÞ

n ðxknÞjjxknj�jþiþt
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pCjxknj�1
Xj

t¼1
jPðtÞ

n ðxknÞj
Xj�t

i¼0
ðn2=aiþ2

n Þjxknj�jþiþt

pCjxknj�1
Xj

t¼1
jPðtÞ

n ðxknÞj
Xj�t

i¼0
ðn2=aiþ2

n Þðn=anÞj�i�t

pCjxknj�1
Xj

t¼1
ðn=anÞj�tþ2jPðtÞ

n ðxknÞj

pCjxknj�1
Xj�1
s¼0

ðn=anÞsþ2jPðj�sÞ
n ðxknÞj ðby t ¼ j � sÞ;

j½AnðxÞfðxP0
nðxÞ � PnðxÞÞ=x2g�ðjÞx¼xkn

j

¼
Xj

i¼0

j

i

 !
AðiÞ

n ðxÞfðxP0
nðxÞ � PnðxÞÞ=x2gðj�iÞ

x¼xkn

�����
�����

¼
Xj

i¼0

j

i

 !
AðiÞ

n ðxÞfPnðxÞ=xgðj�iþ1Þ
x¼xkn

�����
�����

¼
Xj

i¼0

j

i

 !
AðiÞ

n ðxÞ
Xj�iþ1

t¼0

j � i þ 1

t

 !
PðtÞ

n ðxÞx�jþiþt�2

" #
x¼xkn

������
������

pCjxknj�1
Xj

i¼0
ðn=aiþ1

n Þ
Xj�iþ1

t¼0
jPðtÞ

n ðxknÞj jxknj�jþiþt�1

pCjxknj�1
Xjþ1
t¼1

jPðtÞ
n ðxknÞj

Xj�tþ1

i¼0
ðn=aiþ1

n Þðn=anÞj�i�tþ1

pCjxknj�1
Xjþ1
t¼1

ðn=anÞj�tþ2jPðtÞ
n ðxknÞj

pCjxknj�1
Xj�1
s¼�1

ðn=anÞsþ2jPðj�sÞ
n ðxknÞj ðby t ¼ j � sÞ:

Furthermore,

j½AnðxÞfP0
nðxÞ=xg�ðjÞx¼xkn

j ¼
Xj

i¼0

j

i

 !
AðiÞ

n ðxÞfP0
nðxÞ=xgðj�iÞ

x¼xkn

�����
�����

pCjxknj�1
Xj

i¼0
ðn=aiþ1

n Þ
Xj�i

t¼0
jPðtþ1Þ

n ðxknÞj jxknj�jþiþt

pCjxknj�1
Xj

t¼0
jPðtþ1Þ

n ðxknÞj
Xj�t

i¼0
ðn=aiþ1

n Þðn=anÞj�i�t
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pCjxknj�1
Xj

t¼0
ðn=anÞj�tþ1jPðtþ1Þ

n ðxknÞj

pCjxknj�1
Xj�1
s¼�1

ðn=anÞsþ2jPðj�sÞ
n ðxknÞj

ðby t þ 1 ¼ j � sÞ:

Consequently, we obtain the results.
Similarly, we have the case for xkn ¼ 0: &

Theorem 3.5 is shown as follows.

Proof of Theorem 3.5. Let xkna0: By Theorem 3.4 and Lemma 3.9 for j ¼
2; 3;y; n� 2; we have

jB½j�
jþ2ðxknÞj ¼ jA½j�

jþ2ðxknÞjBn=an;

jB½j�
jþ1ðxknÞjpCjA½j�

jþ1ðxknÞ þ ð1=jxknjÞðn=anÞj

pCfMnðQ; xknÞ þ 1=jxknjgðn=anÞ;

jB½j�
j�sðxknÞjpCfjA½j�

j�sðxknÞj þ ðn=anÞsþ2=jxknjg

pCfjxknj/sS
n3=asþ3þ/sS

n þ ðn=anÞsþ2=jxknjg; s ¼ 0; 1;y; j:

Let n be odd. For xkn ¼ 0 we have (3.7)

jB½j�
jþ2ð0Þj ¼ f1þ 2r=ðj þ 2ÞgjA½j�

jþ2ð0ÞjBn=an;

jB½j�
jþ1ð0ÞjpC½jA½j�

jþ1ð0Þj þ ðn=anÞ2�pCðn=anÞ2;

jB½j�
j�sð0ÞjpCfjA½j�

j�sð0Þj þ n2=asþ3
n g

pC½f0/sSn3=asþ3þ/sS
n g þ n2=asþ3

n �; s ¼ 0; 1;y; j: & ð3:15Þ
Proof of Theorem 3.6. Let xkna0: If i ¼ 1; 2; then the theorem is trivial. For i ¼
2; 3;y; j þ 1 ð jpn� 2Þ; we assume that the theorem is true. By Theorem 3.5 we see

jPðjþ2Þ
n ðxknÞj

pjB½j�
jþ1ðxknÞ=B

½j�
jþ2ðxknÞjjPðjþ1Þ

n ðxknÞj

þ
Xj�1
s¼0

jB½j�
j�sðxknÞ=B

½j�
jþ2ðxknÞjjPðj�sÞ

n ðxknÞj

pC½fMnðQ; xknÞ þ 1=jxknjgjPðjþ1Þ
n ðxknÞj
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þ
Xj�1
s¼0

fjxknj/sS
n2=asþ2þ/sS

n þ ðn=anÞsþ1=jxknjgjPðj�sÞ
n ðxknÞj�

pCjP0
nðxknÞj½fMnðQ; xknÞ þ 1=jxknjgfMnðQ; xknÞ þ 1=jxknjg1�/jþ1S

� ðn=anÞj�1þ/jþ1S þ
Xj�1
s¼0

fjxknj/sS
n2=asþ2þ/sS

n þ ðn=anÞsþ1=jxknjg

� fMnðQ; xknÞ þ 1=jxknjg1�/j�sSðn=anÞj�s�2þ/j�sS� ¼
X

:

Here if j is odd, thenX
pCjP0ðxknÞj½fMnðQ; xknÞ þ 1=jxknjgðn=anÞj

þ
Xj�1
s¼0

fn2=asþ2
n þ ðn=anÞsþ1=jxknjgðn=anÞj�s�1�

pCjP0
nðxknÞjðn=anÞjþ1:

If j is even, thenX
pCjP0ðxknÞj½fMnðQ; xknÞ þ 1=jxknjgðn=anÞj

þ

P
s;even ½fn2=asþ2

n þ ðn=asþ1
n Þ=jxknjgfMnðQ; xknÞ þ 1=jxknjg
ðn=anÞj�s�2�;P

s;odd ½jxknjðn2=asþ3
n Þ þ ðn=asþ1

n Þ=jxknj�ðn=anÞj�s�1�

8>><
>>:

pCjP0
nðxknÞfMnðQ; xknÞ þ 1=jxknjgjðn=anÞj:

For xkn ¼ 0 the theorem is shown by Theorem 3.5 and (3.15). &
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Freud weights, Tôhoku Math. J. 46 (1994) 181–206.

T. Kasuga, R. Sakai / Journal of Approximation Theory 121 (2003) 13–5352



[LL1] A.L. Levin, D.S. Lubinsky, Christoffel functions, orthogonal polynomials, and Nevai’s conjecture

for Freud weights, Constr. Approx. 8 (1992) 463–535.

[Lu1] D.S. Lubinsky, Gaussian quadrature, weights on the whole real line, and even entire functions with

non-negative even order derivatives, J. Approx. Theory 46 (1986) 297–313.

[Lu2] D.S. Lubinsky, Strong Asymptotics for Extremal Errors and Polynomials Associated with Erdös-

Type Weights, in: Pitman Research Notes in Mathematics, Vol. 202, Longman, Harlow, Essex,

1989.
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